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SUMMARY
(1) There is evidence of gas-filled voids - ‘bubbles’ - in deep (> 50–100 cm) peat in North America.
(2) I used corers, designed to collect samples of accurately known volume, to sample peat profiles down to
maximum depth 700 cm at five varied bog sites in northern England and southern Scotland, and measured
the proportion of space apparently occupied by bubbles.
(3) Of 126 samples in peat below 50 cm depth, three had bubbles occupying 12–15 % of the volume (and one
of these was at only 55 cm depth). The other 123 had apparent bubbles distributed in Gaussian fashion,
positively and negatively, about zero proportion of total volume and with standard deviation less than 2 %,
consistent with these ‘bubbles’ being measurement error.
(4) In northern England and southern Scotland, compared with North America, less variable temperature and
cooler summers may lead to concentrations of dissolved gas that are generally too low to allow bubbles to
form. Even where bubbles do form in summer, they may re-dissolve at winter temperatures.
KEY WORDS: bubble growth; Henry’s law; large-volume peat corers; methane; surface tension
_______________________________________________________________________________________
INTRODUCTION
Peatlands have no mineral skeleton, and the dead
plants of which they are formed are deformable and
decayable. They occupy about 3 % of the Earth’s land
surface (Clymo et al. 1998; Yu et al. 2010), occurring
on every continent except Antarctica, and they
contain in aggregate about as much carbon (450 Gt:
Gorham 1991; 612 Gt: Yu et al. 2010) as the
pre-industrial atmosphere (580 Gt: Houghton et al.
1990) or current atmosphere (about 850 Gt: Stocker
et al. 2013). For most of their up to 10 millennia
history they have been net sinks for CO2 and sources
of CH4. The surface living layers of most northern
peat bogs (a large majority of the total) contain
Sphagnum mosses with associated linear-leaved
sedges and ericaceous shrubs. These surface mosscontaining layers are highly porous, but below them
the plant structures collapse as the load of plants and
water above increases and aerobic decay reduces
their strength. In consequence, the hydraulic
conductivity decreases by one to several orders of
magnitude. As long as precipitation exceeds
evaporation, the peat becomes permanently
waterlogged. Microbiological activity uses up
molecular oxygen faster than it can diffuse down
from the air through water and hence the peat, as it
now is, becomes permanently anoxic. The main

source of CH4 is in a layer of rapid decay (Belyea
1996) just below the water table, and perhaps a bit
below if there are root exudates, but CH4 and CO2 are
also produced at much smaller rates throughout the
whole of the anoxic peat (Clymo & Pearce 1995;
Daulat & Clymo 1998; Clymo & Bryant 2008).
For most of the time the water table in the raised
and blanket bogs sampled in this work is within 2 cm
of the mean height (Clymo & Pearce 1995), but in
drought it drops 30–50 cm before rising to the mean
again on the first heavy rains. The unsaturated layer
and the transition to the anoxic layer move down and
up with the water table, the microbially mediated
processes responding rapidly to these changes. The
layer above the depth to which the water table falls in
a dry summer is the acrotelm (Ingram 1978). Below
it is the permanently anoxic catotelm, which may be
as much as 1000 cm deep. The lower part of the
acrotelm, subject to periodic oxic and anoxic
conditions as the water table fluctuates, is the site of
complicated biological and chemical processes, and
is the mesotelm (Clymo & Bryant 2008). Above that
is the acrotelm proper.
At all depths the concentrations of the gases N2
and Ar are at or close to equilibrium with those in the
air while other gases are below (O2) or above (CH4,
CO2) equilibrium with air. In the unsaturated
acrotelm proper, part of these gases is dissolved but
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most is in the gas phase. In the saturated layer below
the water table at least part of these gases is dissolved
but some may be present in gas-filled voids
(‘bubbles’). Much of the evidence for gas bubbles in
peat at all depths is summarised in Table 1.
The evidence of bubbles at shallow (say
< 100 cm) depths below the water table is of several
kinds. Three are these.
First, mire ecologists know that if one stirs most
bog pools with a stick then gas bubbles are released
to the atmosphere (‘ebullition’) in summer at least
and often in winter too. Dalton (1805) collected gases
(‘marsh gas’) from the underwater organic matter in
a pool into a water-filled tube (using an inverted
funnel) and showed that the gas could be ignited. This
technique was later applied to peatlands (Rigg et al.
1927; Williams & Crawford 1984; Strack et al. 2006)
showing that the gas contained a large proportion of
CH4 and that bubble collection varied a lot in space
and time.
Second, the surface of shallow water-saturated
peats moves up and down consistently with the
demonstrated presence of bubbles below the surface
(Kettridge et al. 2013; Stamp et al. 2013).
Third, laboratory experiments with peat in
columns (Reynolds et al. 1992; Beckwith & Baird
2001; Laing et al. 2008) show the generation of a
substantial number and volume of bubbles, with
correlated (and probably consequential) reduction in
hydraulic conductivity.
There is evidence too of gas bubbles in deeper
(> 100 cm) peat - the subject of this article.
First, Dinel et al. (1988) designed a sampler that,
like a syringe, sucks fluid samples from peat into an
evacuated container. These samples often contain
both liquid and a gas phase (Dinel et al. 1988; Brown
et al. 1989; Buttler et al. 1991; Charman et al. 1994,
1999). With a similar suction apparatus, Tokida et al.
(2004) report up to 19 % gas bubbles in a Japanese
peat bog. But sucking into a container with reduced
pressure must allow at least some gas that was in
solution under pressure in the peat to appear in the
container in the gas phase (just as bubbles appear
when a carbonated beverage is unsealed) and is thus
not reliable evidence of gas bubbles in the peat.
Second, and much more convincing, Romanowicz
et al. (1995) found that in some circumstances in peat
bogs in Minnesota “there was sufficient pore pressure
to eject slugs of water forcibly from piezometer
[tubes 3 m and more deep into the peat]”.
Third, bubbles in cores brought to the laboratory
have been revealed by X-ray CT imaging (Kettridge
& Binley 2008).
Fourth, Rosenberry et al. (2003) and Glaser et al.
(2004) show that short-term changes in hydraulic

head and in physical height of the surface of a peat
bog correlate with change in barometric pressure and
are explicable by expansion and contraction of a
near-continuous gas layer, again in a bog in
Minnesota.
Fifth, ground penetrating radar (GPR) has been
used (Comas & Slater 2005; Comas et al. 2005, 2008,
2014; Strack & Mierau 2010; Parsekian et al. 2010,
2011; Reeve et al. 2013) on peatlands. It relies on
reflection of radar frequency electromagnetic pulses.
Signal processing is quite complex. The processed
signal is affected by the dielectric permittivity of the
materials through which the radar pulse has passed,
the biggest differences in peat being between water
and gas. Thus a layer of woody peat that has
accumulated bubbles may reveal itself. Careful
interpretation is necessary. But the technique is the
only one that makes large-scale survey of depth and
area feasible. GPR evidence (Table 1) does indicate
extensive radar anomalies, mainly in North American
peatlands, probably a result of gas bubbles replacing
water.
In summary, there is thus little doubt that bubbles
form in pools and in more solid peat down to, say,
50 cm deep, and in many deeper peats in at least some
circumstances.
In mineral soils even small bubbles at bottlenecks
can markedly reduce hydraulic conductivity (Jamin
1860; Wyckoff & Botset 1936; Orlob &
Radhakrishna 1958; and many others). The largescale shapes of peat bodies, and indeed their very
existence, depend on low hydraulic conductivity
(Ingram 1982, 1987; Clymo 2004) or on large
(>> 1 km) diameter compensating for higher
hydraulic conductivity. Some workers have
suggested that bubbles in deep peat may even be the
main cause of low hydraulic conductivity (Mathur &
Levesque 1985; Dinel et al. 1988; Brown et al. 1989;
Reynolds et al. 1992; Brown 1995; Brown 1998),
though this view is not generally accepted because
laboratory measurements show that bubble-free peats
also have low hydraulic conductivity.
The deeper Minnesota peats tend to contain more
woody remains and to have substantially higher
hydraulic conductivity (Clymo 2004) than the peats
of the eastern (European) Atlantic coast. There is
limited evidence (Charman et al. 1999; Comas et al.
2014) of gas bubbles deep in such peats, but in
smaller proportions than in North American
peatlands.
I now describe an attempt to measure, by a direct
method, the extent and vertical distribution of gas
bubbles in deep (> 100 cm) generally well-humif ied
Sphagnum peats in five peat bogs in northern
England and south-west Scotland.
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Table 1. Some reports of a gas phase in peat. The summaries are necessarily crude and omit much variation
and complexity.

Method

Place(s);
measured
in lab (L)
or field (F)

Maximum
depth of
measurements
(cm)

Gas phase (‘bubbles’)
reported

Reference

SHALLOW (mostly ≤ 100 cm)
Stirring below an
inverted, water-filled
funnel

Manchester (UK); F

~ 50

combustible

Dalton (1805)

Vacuum sampler

Mer Bleue and
Gatineau Park,
Ontario (Canada); F

120

about 1 to 10 %

Brown et al.
(1989); Buttler et
al. (1991)

Surface altitude, air
pressure and ingenious
calculation

Floating mat of
vegetation and peat
on Thoreau’s Bog,
Massachusetts
(USA); F

40

3 to 15 %, affected by
atmospheric pressure

Fechner-Levy &
Hemond (1996)

TDR (Time Domain
Reflectometrya) before Moor House NNR
and after γ radiation and (UK); L
biocide

35

5 to 10 %

Beckwith & Baird
(2001)

TDR before and after
biocide

Scotland, Wales
(UK); L

22

2 to 5 %, inferred from
change in saturation

Baird & Waldron
(2003)

TDR, direct
Scotland, Wales
measurement of volume (UK); L

22

CH4; increasing with time
0.1 to 1.0 cm3 cm-2 after
60 days at 12 oC

Baird et al. (2004)

Vacuum sampler

Hokkaido, Japan; F

100

0 to 19 %

Tokida et al.
(2004)

TDR

Québec, Canada; F

100

up to 8 % (2002) and
15 % (2003) inferred
from change in saturation

Strack et al.
(2005)

Field changes in surface
Québec, Canada; F
level, air pressure, TDR

??b

2 to 4%, affected by
atmospheric pressure

Strack et al.
(2006)

CH4 concentration in
pore water

Québec, Canada; F

60

bubbles inferred from
rapid local shifts in CH4
concentrationc

Strack &
Waddington
(2008)

X-ray CT on 200 cm3
surface sample

Flow Country,
Scotland, Wales
(UK); L

13

> 3000 bubbles 0.1 to 1 mm
diameter in 200 cm3 sample

Kettridge &
Binley (2008)

30

Local small-scale large
concentrations

Laing et al. (2008)

calculated gas 8 % at 40 cm,
1 % at 115 cm

Kettridge et al.
(2013)

0.19 to 7.4 cm3 cm-2,
over about 13 weeks

Stamp et al.
(2013)

High resolution profiles
Flow Country,
of concentration of CH4
Scotland (UK); L
(and other gases)
Surface altitude,
pressure, density,
profile and water level

Québec, Canada; F

Ebullition into waterfilled inverted funnel

Wales (UK); F

120
undefined,
but < 100
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Method

Place(s);
measured
in lab (L)
or field (F)

Maximum
depth of
measurements
(cm)

Gas phase (‘bubbles’)
reported

Reference

DEEPER (> 100 cm)
Theory and pressure
measurements in a
packed core

Mineral ‘loam’ in
cylinders 10-40 cm
diameter; F, L

280

Start at 5 % by volume of
entrapped air, steadily reduced
by through-flow and diffusion

Faybishenko
(1995)

Observation

Red Lake Peatland,
Minnesota (USA);
F

400

“slugs of water ejected from
piezometers” (by gas under
pressure)

Romanowicz et al.
(1995)

Pressure

Red Lake Peatland,
Minnesota (USA);
F

420

episodic 20 cm water pressure
fluctuations; up to 13 % gas
phase

Rosenberry et al.
(2003)

Surface altitude by GPS Red Lake Peatland,
(Global Positioning
Minnesota (USA);
System)
F

~400

> 20 cm fluctuations of surface
altitude as gas is released
Glaser et al.
episodically; 20 cm / 400 cm
(2004)
~ 5 % gas phase

GPR (Ground
Penetrating Radar) in
10 m by 10 m grid

Maine (USA); F

840

CH4, CO2; inferred local peaks
of 10 % by volume

GPR in whole mire
survey

Maine (USA); F

800+

inferred, especially below
Comas et al.
wooded surface and open pools (2005)

GPR, atmospheric
pressure and surface
altitude (direct
measurement)

Maine (USA); F

500+

inferred 10 to 15 %

Comas et al.
(2007, 2008, 2011)

GPR, surface altitude
(direct measurement)
and suction samples

Alberta (Canada); F

0 to 7 % (hollow);
1 to 33 % (hummock)

Strack & Mierau
(2010)

GPR

Sturgeon River,
Red Lake Peatland, site dependent, inferred 5 to 12 % (mid-slope); Parsekian et al.
Minnesota (USA); 300 to 500
5 to 25 % (near-crest)
(2010)
F

460 (GPR)
150 (suction)

Comas & Slater
(2005)

Sturgeon River,
GPR, ebullition through Red Lake Peatland,
water-filled tube
Minnesota (USA);
F

550

5 to 22 %

Parsekian et al.
(2011)

GPS

Red Lake Peatland,
Minnesota (USA);
F

450

inferred; 10 % gave best fit

Reeve et al. (2013)

GPR

Maine (USA),
Wales (UK); F

800

inferred 5 to 10 % in woody
Comas et al.
layer (Maine), 2 to 5 % (Wales) (2014)

REVIEW ALL DEPTHS
Review of work to 2006 Various

Various

Rosenberry et al.
(2006)

a

Time domain reflectometry (TDR) is used as a surrogate for water proportion in peat. It depends on quite
complex physics and electronics, and requires careful calibration.
b Not given, but probably ‘shallow’.
c Gas measured. No doubt other gases were also present.
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METHODS
First I describe the sites, then the calculations on peat
samples, then the two corers, and finally some
supplementary methods.

The box corer was used at three other sites and the
‘D’ corer at one other (Figure 2). Cores were taken
from a platform of wooden duckboards set on
hummocks, lawns or shallow hollows, but not below
pools.

Sites and cores
Five sites were chosen to span a range of types of
blanket and raised bog in northern England, of
precipitation, and of peat dry bulk density. Details of
the five sites are in Table 2; the depths sampled can
be seen in Figure 2 (Results). All samples came from
below the water table at the sampling time. The peat
at all sites was composed mainly of Sphagnum
ranging from little humified to highly humified.
Profiles consisted of 20 cm thick (deep) samples. At
one site, Ellergower, three profiles were made:
duplicates with the box corer (corers are described
later) on successive days in November, and a single
profile with the ‘D’ corer in July, thus allowing
reproducibility to be assessed and bias to reveal itself.

Measurements and calculations on peat samples
A sample of peat of known volume was massed
(‘weighed’), dried, and massed again. The intrinsic
density of the dry peat was determined separately.
The volume of peat solid was calculated from the dry
mass of peat and its intrinsic density. The volume of
liquid (‘peat water’) was got from the density of
water at the temperature at which the sample was
collected, and the difference between the total mass
and the dry mass. The bubble volume was then the
total volume minus the volumes of peat and liquid.
Let V be volume, M be mass, and ρ be density; and
let subscript ‘t’ be total, ‘p’ be dry peat, ‘l’ be liquid,
and ‘g’ be gas (bubble). Then bubbles as a proportion
of the total volume are given by

Vg
Vt

= 1 −

1
[V p
Vt

+ Vl ] = 1 −

1 M p

Vt  ρ p

+

(M

t

−
ρl

M p )



[1]

Table 2. Sampled sites in northern England and south-west Scotland.
National Grid
Reference;
Lat., Long.

Altitude
(m)

Depth
(m)

Annual
precipitation
(mm)

Median dry
bulk density
(g cm-3)

Butterburn

NY 675 768;
55.085, -2.510

276

10+

1300

Walton Moss

NY 509 673;
54.998, -2.769

95

9

950

Site name

Ellergower
Core 98a
Core 98b

NX 481 796;
55.088, -4.382

220

7+

3000

‡Samples with
‘apparent gas’
<0

>0

0.046

6

8

0.050

8

9

16

5

10

15

2

6

0.057

‘D’ corer
†Burnt Hill

NY 753 329;
54.691, -2.385

575

3

1900

0.071

5

7

†Valley Bog

NY 766 333;
54.694, -2.365

560

6

1900

0.072

8

9

†Moorhouse NNR.
‡ Ignoring exact zeros and values > +10 %.
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The intrinsic density ρp of the peat solid, referring
to a known volume Vt of a gas-free suspension of peat
in water, and of the (dry) mass of peat and of the peat
and water together was got from
𝑉𝑉𝑝𝑝 = 𝑉𝑉𝑡𝑡 − 𝑉𝑉𝑙𝑙

[2]

so

𝑀𝑀𝑝𝑝
𝜌𝜌𝑝𝑝

= 𝑉𝑉𝑡𝑡 −

� 𝑀𝑀𝑡𝑡 −𝑀𝑀𝑝𝑝 �
𝜌𝜌𝑙𝑙

[3]

Multiply by ρl and rearrange to give
𝑀𝑀 𝜌𝜌

𝑝𝑝 𝑙𝑙
𝜌𝜌𝑝𝑝 = 𝑉𝑉 𝜌𝜌 +𝑀𝑀
−𝑀𝑀
𝑡𝑡 𝑙𝑙

𝑝𝑝

𝑡𝑡

[4]

and the dry bulk density (DBD) of peat is given by

𝐷𝐷𝐷𝐷𝐷𝐷 =

𝑀𝑀𝑝𝑝
𝑉𝑉𝑡𝑡

[5]

An error analysis of Equation 1, using plausible
values for errors in each of the five variables
weighted by their partial differentials, shows (Clymo
2014) that a 1 % error in Vt constitutes 98 % of the
total error: the uncertainty in the proportion of
bubbles is overwhelmingly governed by that in the
measurement of total volume.
Corers
Piston corers are liable to collect incomplete cores
(Wright 1993) when friction between the core and
wall causes peat to be displaced sideways at the core
entry; the Hiller borer churns the sample; and the
standard 5 cm diameter half-cylinder (‘D’ or
‘Russian pattern’, Belokoptyov & Beresnevich 1955)
corer has volume precision and bias that depend on
the corer diameter and type of peat, and are often no
better than 5–10 % (Clymo unpublished). The errors
are likely to be related to edge effects, and thus to be
inversely related to the size of the corer. Therefore, I
designed and constructed two large-volume corers
based on different principles to each other, thus
allowing bias to reveal itself.
Box corer
The design principle is that described by Digerfeldt
(1966). A 196 cm long three-sided vertical channel
with internal dimensions nominally 10 by 10 cm
(actual cross section 103.7 cm2) was made of 3 mm
thick type 310 stainless steel (Figure 1, left). Both
free edges were bent out at right angles and each
supported a slot in which the fourth side slid. To close
the bottom of the corer, the bottom 20 cm of the two
sides of the channel tapered via a 15 cm radius curve

from the open side of the channel then straight to its
back. The end of the slider was made of spring steel
with a sharp end. When the slider was pushed fully
down the spring steel bent round in the slots and then
straight to the corer tip, thus sealing the end. The top
end of the corer and the top of the slider were each
attached to a standard peat borer ‘handclasp’
connector and as many extension rods on box and on
slider as necessary.
Sampling was from duckboards at two adjacent
(< 1 m apart) spots used alternately. In use the closed
but empty corer was pushed down to a few cm above
the top of the section to be sampled. The slider was
pulled up to its open (top) position, then the whole
corer was pushed steadily down to the required depth
cutting three sides but leaving the fourth to minimise
the risk of compression. Then the slider was pushed
down cutting the fourth side and enclosing the peat
core. Finally, the whole corer was pulled up to the
surface, the slider withdrawn, and samples taken.
First, the lower end of the peat core was squared
off by inserting across the peat core in the open box
a tightly fitting plate with a sharp bottom edge. This
was then replaced with a watertight end stop. A
sample was then defined by inserting a second plate
an exact distance above the first, and the peat
between the plates was removed, after which the end
stop was slid up to the new cut end of the core. The
peat at the sites was generally well-humified and it
was difficult to extract water even by squeezing. The
samples reported here were 20 cm thick (long),
giving a volume of 2074 cm3. The core was 196 cm
long, but only a central 160 cm was used for samples.
An error of 1 mm in positioning the cross plate
represents a volume error of 0.5 %. The volume of the
corer and the peat at the temperature in the field was
corrected to a standard temperature of 10 oC. These
corrections were never > 0.2 % of the total volume.
Half cylinder ‘D’ corer
This corer was a large version of that described by
Belokoptyov & Beresnevich (1955). It had a 60 cm
long and 4 mm thick vertical flat titanium alloy plate
round which a 17 cm diameter half cylinder of 3 mm
thick titanium alloy rotated by half a turn (Figure 1,
right). Titanium alloy was needed for stiffness and
lightness. ‘D’-shaped end plates with sharpened
curved sides, at top and bottom, could rotate about a
horizontal axis. The whole corer was attached to a
standard peat borer ‘handclasp’ connector and as
many extension rods as necessary. In use the end
plates were locked in the vertical position (presenting
minimum resistance), and the corer was pushed down
to the required depth. The end plates were rotated and
locked into the horizontal position using Bowden
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Figure 1. Box corer (left, partly closed) and ‘D’ corer (right) used in this work. Centre top is the ‘T’ handle
that attaches to extension rods (far right) by ‘hand clasp’ connections (bottom right). At top is a half-circle
divider used for separating samples in the ’D’ corer. Below it is a 10 cm square divider used for separating
samples in the box corer. Below that is the watertight lowest stopper for the box corer.

(bicycle brake) cables attached to a mechanism at the
top of the corer that converted rotation of the handle
at the surface into a pull. The same mechanism could
then be locked so that further twisting on the handle
rotated the half cylinder and enclosed the peat
sample, of ‘D’-shaped cross section, area 113 cm2,
length 60 cm. The corer and enclosed peat were
dragged up to the surface, opened, and samples taken.
The samples reported here were 20 cm thick (tall),
giving a volume of 2270 cm3.
Suction sampler
At one site (Ellergower Moss), Professor D. Charman
attempted to suck samples of water plus gas at 50,
100, 150, 200 and 250 cm depth using suction

samplers built to the same pattern as that described
by Dinel et al. (1988).
Treatment of peat samples
In the field, each sample was put into a polythene bag
and sealed. It was massed (weighed) in the laboratory
within five days. A subsample of about 15 g, on
which the intrinsic density of the peat solid was then
determined (see later), was taken from each sample
without conscious selection. From four samples
chosen without conscious selection, three, not one,
subsamples were taken to assess variability in
intrinsic density. Water was allowed to evaporate
from the main sample for several weeks and
eventually it was dried at 80 oC and reweighed
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(massed). The proportion of bubbles was calculated
from Equation 1.
Intrinsic density of peat solid
The subsample of about 15 g of fresh peat (dried peat
does not rewet easily) was suspended in about 100 ml
of degassed water and boiled twice under vacuum at
room temperature to remove gas bubbles. Even a
single 1-mm diameter bubble is enough to invalidate
the result. The suspension was transferred, then more
degassed water added, to overfill a glass tube into the
top of which a B24 ground glass stopper with a 1 mm
diameter capillary through it was then placed, taking
care to avoid introducing any gas bubbles. The free
meniscus at the top of the capillary was blotted in a
standard way by drawing a Whatman #40 filter paper
slowly across the top of the stopper, and the tube plus
contents massed (weighed). The blotting and massing
were crucial as the result depends on a relatively
small difference - typically 1 % - between it and the
mass of the apparatus filled with water. The
suspension was decanted, dried at 80 °C and the peat
solid massed. The dry mass of the glass and the
volume of the tube (from the mass when filled with
water) had been separately determined 16 times each
and means were used as constants. Equation 4 was
used to calculate the intrinsic density of the peat
solid.
Surface tension
The surface tension of the interface between peat
pore water and gas bubble was needed for later
calculation of bubble development. Capillary tubes
were cut from cleaned and repeatedly rinsed Pyrex
tubes, and annealed at 700 °C. Distilled water was
allowed to reach equilibrium height when the bottom
of the vertical tube just touched the surface of the
water. The height to the meniscus was measured.
This process was repeated for peat pore water, then
again for distilled water and pore water. Each tube
was used for these four measurements only, then
scrapped. Values for pore water were compared with
those for distilled water.

RESULTS
Both box and ‘D’ corers were satisfactory in most of
the peats we sampled: they could not penetrate very
stiff peats, and the ‘D’ corer particularly lost water in
the very fluid peat below 450 cm at Butterburn Flow.
Only samples from which we saw no water loss are
included. In none of the samples did we see the indent
of any bubbles at the cut surface of the samples.
The suction sampler collected only small amounts

of gas and no water at the site where it was tried in
November (Ellergower Moss), though the same
equipment had succeeded at sites not in this survey.
The hydraulic conductivity at Ellergower has been
shown to be unusually small (Clymo 2004).
Intrinsic densities of all 126 peat samples were
very similar: mean 1.49 g cm-3, CI 1.48 to 1.50 (SD,
combining sampling and measurement errors,
0.057 g cm-3, n =126). This is not inconsistent with
an earlier estimate for fresh Sphagnum (not peat):
1.55 g cm-3 (Clymo 1970). Error in the intrinsic
density (Clymo 2014) contributes less than 3 % of the
overall error in the calculated proportion of gas in the
peat (this is the contribution to total error, not to the
gas proportion).
Profiles of bubble proportion and dry bulk density
are shown in Figure 2. Note that the scale runs from
-5 to +15 % only. The replicate profiles at Ellergower
(Nov 98b box corer and Jul 00 D-corer; Figure 2)
agree encouragingly closely, but those for Nov 98a
are distinctly biased (Table 2, last two columns) and
into the un-physical region of apparent negative
proportion of gas. The two box cores at this site were
taken on successive days with the same person
placing the dividers into the core - a critical
operation. The bias is equivalent to about 3 mm error
in placing dividers and is not cumulative. It seems
implausibly large and although individual errors of
similar size appear in other cores there is no evidence
of consistent bias. I am unable to explain this result
and exclude it from later consideration.
Only three of the putative bubble proportions lie
outside zero ± 5 % (Figure 2: Butterburn Flow and
Valley Bog) and these three, at 13–15 %, are clearly
different from the rest. Two of these samples are the
shallowest in their profiles (< 100 cm deep); only the
third, at 250 cm deep (Butterburn) is well into the
deeper peat, and this peat had unusually low DBD.
The main graph in Figure 3 is a histogram of all
samples drawn on a natural scale while the inset
expands the region around zero gas proportion. The
inset excludes the three egregious samples with 13–
15 % gas, and the apparently biased Ellergower Nov
98a core too. This reduced set of results is nearly
symmetric about zero, and has mean 0.0022, 95 % CI
-0.0041 to +0.0027 (SD 0.017, n = 102) and a test of
the null hypothesis that the results follow a Gaussian
distribution has P = 0.36. This is all consistent with
the conclusion that most of the results are showing
simply measurement plus sampling error with overall
variation (standard deviation) of about 2 %.
Capillary rise was measured on pore water from
samples every 10 cm to 600 cm depth at Ellergower
Moss. No water could be squeezed out below that
depth. The mean quotient of rise of pore water / rise
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Figure 2. Profiles of gas proportion (filled circles, box corer, and unfilled symbols, ‘D’ corer) and dry bulk
density (bars, g cm-3) at five sites in northern England. The bars show the thickness of the sample. Zero is
shown by a vertical line extending to the bottom of the peat at the sampled site (except Butterburn Flow,
which was > 1000 cm deep). The two topmost graphs are for the same site. The filled circles in the top left
and right graphs are box-corer replicates; the open symbols in the top right graph are for the ‘D’ corer.
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Figure 3. Distribution of proportion of gas bubbles in the 122 samples, and superimposed Gaussian
distribution with the same mean and standard deviation (ignoring the three outliers). The main (lower left)
graph shows the full range; the inset graph shows the region around zero enlarged.

of distilled water was 0.986, 95 % CI 0.978 to 0.995
(SD 0.033, n = 61). The reduction in surface tension
from solutes in the pore water is negligible and thus
unlikely to have a noticeable effect on surface tension
and thus on bubble formation.

DISCUSSION AND ANALYSIS
The Minnesota examples of hydrostatic pressure and
surface changes show that there are certainly some
gas-filled voids below 100 cm depth in some peats in
natural conditions. But in the work described here in
north Britain, bubbles were scarce. Three important
questions are: ‘what governs the formation of
bubbles in peat?’; ‘what explains differences among
peatlands in the abundance of gas bubbles in deep
peat?’; and ‘what are the connections between
bubbles and hydraulic conductivity?’.
What governs the formation of bubbles in peat?
Boudreau et al (2001) develop equations for the
growth of a bubble in a sediment generating CH4

which must diffuse to the bubble. Here I use a similar
approach allowing a mixture of CO2, CH4 and N2 to
diffuse through peat to a bubble.
Macroscopic gas bubbles in peat are probably of
irregular shape, and we would be concerned with the
radii of curvature, with the bubble near equilibriu m.
But the geometry is undefined, so for simplicity to
establish trends I assume a system of spherical
bubbles forming under water in a lake, but unable to
float up. The Appendix shows that a stable bubble
satisfies:
𝑘𝑘

2𝛾𝛾
𝐶𝐶𝑖𝑖,𝑤𝑤
𝑃𝑃𝑎𝑎 + 𝜌𝜌𝑤𝑤 𝑔𝑔𝑔𝑔 +
= 𝑃𝑃ℎ + 𝑅𝑅𝑇𝑇 �
𝑟𝑟
𝑠𝑠𝑖𝑖
𝑖𝑖 =1

[6]

where Pa is the pressure of the air at the water surface
(typically about 100 kPa), Ph is the vapour pressure
of water at absolute temperature T, ρw is the density
of water at T, g is the force per unit mass for the place,
z is depth in the water, γ is the surface tension at T,
r is the bubble radius, R is the universal gas constant,
si is the solubility of the i-th of k gases dissolved in
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the water at T, and Ci,w is the concentration of gas i in
the water after a bubble has formed.
The three terms on the left tending to collapse the
bubble are inward pressures developed by the air
above the surface (about 100 kPa), the depth of water,
and surface tension respectively. Water vapour and
gases at the right create outward pressures. In a stable
bubble inward and outward pressures balance.
Figure 4 (left) shows how the inward pressure
depends on bubble radius at three depths. At a given
depth the pressures of air and water are constant, and
to them is added the surface tension component that
increases as bubble radius decreases.
Figure 4 (left) also shows the outward pressure
produced by a mixture of N2 and CH4 dissolved in
water, the N2 in water being in equilibrium with that

in air and the CH4 at four concentrations. The
outward pressure is directly proportional to absolute
temperature: a shift from 10 to 20 °C increases the
outward pressure by only 5 %. Inward pressure
decreases by only 3 % as density and surface tension
both decrease.
With CH4 concentration 0.1 mmol dm-3 the
outward pressure is insufficient to balance the inward
pressure even just below the surface. A concentration
just above 0.69 mmol dm-3 will allow a bubble to
exist at 200 cm depth. And a concentration of 0.8
mmol dm-3 can support a bubble at this depth easily.
But Figure 4 (left) shows the well-known paradox
that as the concentration at a fixed depth increases the
bubble radius it can support decreases. Getting a
bubble to start is not simple. Baird et al. (2004)

Figure 4. For a gas mixture dissolved in water at 10 oC, containing N2 in equilibrium with air (0.63 mmol
dm-3) plus CH4 at the concentrations shown. Inward pressure (three thin lines, downward arrow) and outward
pressure (four thick lines, upward arrow) in relation to radius of a bubble of gas in water. Equilibrium points
for a stable bubble are where a thin line crosses a thick one. The inward pressure has three components (see
text and Appendix): air pressure 100 kPa; water depth (5, 20, 40 kPa for the three illustrative depths 50, 200,
400 cm); and surface tension varying inversely with bubble radius. Left graph. Thick lines are outward gas
pressure for Model 1 (see text and Appendix) with equilibrium concentration of gas in water of 0.1, 0.69,
0.80 and 1.5 mmol dm-3. Right graph. Thick lines are outward pressure for Model 2 (see text and Appendix)
with initial concentration of gas in water, C0, of 0.69 mmol dm-3 and with water volume, defined as the
radius of a sphere, of 0.025, 0.25 and 2.5 cm. The arrow shows development through time.
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pointed out that at the surface of a peat column the
water table rises and falls at least seasonally (Clymo
& Pearce 1995), and although the rate is small this
may entrap small bubbles, which may survive the
continuing upward growth of the peat. But such
bubbles may disappear soon after entrapment (Baird
et al. 2004), and even if they survive into deep peat
the pressure in the bubble increases (owing to the
increasing weight of water and peat above), so the gas
in a bubble will tend to diffuse out into the peat pore
water, and (given a century or more) be removed
from the system by diffusion into the air - a
surprisingly effective process given time (Clymo &
Bryant 2008; Clymo & Williams 2012). More
generally, however, in peat without any bubbles, as
concentration increases gradually so it can first
support only a large bubble, but the solubility of N2
and CH4 is small (the solubility of a gas in water is a
partition coefficient, not an amount per unit volume
as it is for solids). Most of the gas in the vicinity of
the potential bubble thus goes into the bubble,
reducing the concentration round about below the
value needed to support an actual bubble. We need to
consider the volume of water from which gas may be
scavenged into the bubble. To begin with, this
volume will be small, and it will increase with time
as diffusion is able to move gas to the bubble.
The Appendix shows (Model 2) that the inward
and outward pressures are given by:
𝑘𝑘

2𝛾𝛾
𝐶𝐶𝑖𝑖.𝑤𝑤.0
𝑃𝑃𝑎𝑎 + 𝜌𝜌𝑤𝑤 𝑔𝑔𝑔𝑔 +
= 𝑃𝑃ℎ + 𝑅𝑅𝑅𝑅𝑉𝑉𝑤𝑤 �
[7]
𝑟𝑟
𝑠𝑠𝑖𝑖 𝑉𝑉𝑤𝑤 + 4𝑁𝑁𝑁𝑁𝑟𝑟 3 ⁄3
𝑖𝑖=1

where Vw is the volume of water from which gas may
be scavenged (described by the radius of a sphere of
volume Vw); Ci,w,0 is the concentration of gas i in the
water in State 0, before a bubble forms; and N is the
number of bubbles that will form in Vw. An example
of this equation is shown in Figure 4 (right). At
200 cm deep and with gas concentration of
0.8 mmol dm-3, which could easily support a bubble
if one already existed, no bubble can form in the early
stages when gas can be scavenged from only
0.025 cm around. By the time scavenging can reach
0.25 cm then a bubble can be supported. The
maximum size of bubble will be given by the righthand intersection of thin and thick lines, where
negative feedback will control bubble size. In
Model 1, Figure 4 (left), with a gradually increasing
concentration of dissolved gas, one expected the first
contact to occur at very large radius bubble. But in
the more realistic Model 2 first contact occurs at a
finite small radius and small scavenging distance. In
both models there is a minimum concentration of

dissolved gas if a bubble is to form.
Figure 5 (left) shows the minimum concentration
to be expected for three gas mixtures at various
depths after bubbles have formed. The solubility
coefficient of CO2 is much greater than that of N2 and
CH4 so the concentration of gas in water after a
bubble has formed is about 25 times greater. But the
minimum concentration when CH4 and CO2 are
equimolar (close to the case reported by Clymo &
Pearce 1995; Clymo & Bryant 2008) is little different
from that with N2 and CH4 alone: the concentration
of CH4 in the bubbles is much greater than that of
CO2, though the concentrations in water are the same.
In practice we need concentration profiles of CH4, but
can do without those of CO2. In all cases the
minimum concentration increases almost linearly
with depth because the thick and thin lines intersect
at a shallow angle over the depth range of interest.
In Figure 5 (right) is shown the way in which the
first contact (minimum concentration) depends on the
scavenging distance. At a given depth one may
expect the concentration to increase gradually until a
bubble forms, and the bubble can then increase in size
as the scavenging distance increases with time.
This analysis has used water for simplicity, but the
same principles apply to peat with some
modifications. First, the pressure external to the
bubble is increased because the density of the peat is
greater than that of water, but this increase is less than
2 %. Local and regional hydrological processes may
also affect pore water pressure. Second, the surface
tension of pore water is less than that of pure water
because of surface active substances dissolved from
the peat. But this effect is also less than 2 %. Third,
all but the smallest gas bubbles in peat will be of
irregular shape. Finally, peat pore water may
supersaturate, in the sense that the concentration of
dissolved gases may be sufficient to support a bubble,
but the bubble does not form unless there is a suitable
nucleus. There are, of course, abundant solid surfaces
in peat, but most are hydrophilic and thus not
effective nuclei. We do not know whether or not there
are abundant hydrophobic surfaces, such as plant
cuticles.
In summary, there is a concentration of dissolved
gas, increasing almost linearly with depth, below
which bubbles cannot form.
What explains differences among peatlands in the
abundance of gas bubbles in deep peat?
Bubbles are present, by definition, in the unsaturated
layer at the surface. Physical analyses similar to the
present work on 1 cm slices of 20 cm diameter cores
of the top 50 cm of plants and the peat below (Clymo
& Hayward 1982; Hayward & Clymo 1982; Clymo
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Figure 5. Left: minimum equilibrium concentration (Model 1, see text and Appendix) for a bubble to have
formed for three different initial mixtures of gases in water, all with nitrogen in equilibrium with air. Mixture
One contains N2 and CH4 (line); Mixture Two N2 and CO2 (line); and Mixture Three N2 with CH4 and CO2
(points) in equal concentration in the water. Right: minimum initial concentration (Model 2, see text and
Appendix) for a bubble to form for the N2+CH4+CO2 mixture in four spheres of water of differing radius.
The line marked ‘+ ∞’ is for an infinite volume of water and coincides with the point in the left graph.
Temperature 10 oC.

1983; Clymo 2004) showed steady diminution of the
proportion of gas down to the water table but no
bubbles below. The present work showed one 13 %
bubble 20–40 cm below the surface at Butterburn
Flow (Figure 2) that was probably at the bottom of
the unsaturated layer. Another 14 % bubble was
found at the Moorhouse Valley Bog 80–100 cm
below the surface. This core was collected after a
two-month drought during which the surface had
dried and the peat had cracked. The unsaturated layer
had reached at least 80 cm below the surface. The
only bubble not plausibly connectable to the
unsaturated layer was at 240–260 cm at Butterburn
Flow, where the peat at our site was unusually fluid.
In summary: at least 95 %, and perhaps 99 %, of
samples from five varied peatlands in northern
Britain to depths of 700 cm and in summer and early
winter contain virtually no gas bubbles at any depth
below the unsaturated layer.
In North America, Romanowicz et al. (1995)
report work on the Lake Agassiz peatlands in north

Minnesota, where “CH4 at many depths bubbled
vigorously when peat pore water was sampled” and
“at some sites there was sufficient pore pressure to
eject water forcibly from piezometers”. But 1990 was
a year of severe drought during which the water table
dropped to 100 cm below the surface. At 300 cm
depth the mean concentration of CH4 was
2.8 mmol dm-3 - more than sufficient to allow bubbles
to form (Figure 5) - but in 1991 when the water table
sank no lower than 20 cm no bubbles were detected,
in accord with the concentration of only
1.5 mmol dm-3, which is little above that needed for
bubble formation (Figure 5). The big difference
between years shows that bubbles are dynamic and
so is CH4 production and movement. These samples
were also collected in summer.
In northern Britain, then, there seem to be almost
no gas-filled bubbles in peat to depths of 700 cm, but
in a raised bog on Dartmoor (UK) with a similar
Atlantic climate, Charman et al. (1999) did find
easily extractable gas in October although not in
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April (Charman letter 29 September 2001). In eastern
Canada there is evidence of bubbles occupying 2–
15 % of the peat but the evidence extends to only
150 cm deep and there may be substantial differences
between years. In north Minnesota there are gasfilled bubbles to 400 cm deep, but only in exceptional
years. Can these observations be reconciled?
Figure 6 shows the CH4 concentration profile at
Ellergower, where gas bubbles are rare; at the Glacial
Lake Agassiz peatland in Minnesota, where gas
bubbles were abundant in 1990 and uncommon at the
same place in 1991; and at Cedar Creek peatland, also
in Minnesota. The theoretical line of minimum
concentration splits the localities. Measurements in
estuarine sediments (Chanton et al. 1989) showed gas

bubbles associated with CH4 concentrations near the
surface of 0.73 to 1.14 mmol dm-3, which are above
the theoretical minimum limit. These observations
are all consistent with the suggestion that it is the
higher summer concentrations of CH4 in North
America that are the cause of bubble appearance
there.
The production of CH4 and CO2 is a
microbiological process, and its rate is thus
dependent
on the
density
of
available
microorganisms (archaea in this case), the
concentration of substrates, and the temperature.
When the water table falls the thin layer of intense
methanogenic activity 10–15 cm below it falls with
it, responding within a few hours (Daulat & Clymo

Figure 6. Concentration in peat pore water of CH4 (filled circles and unfilled triangles) and CO2 (unfilled
circles) at various depths in three peatlands, and (thick line) the theoretical minimum value for bubbles to
form at 10 °C. At Ellergower (Clymo & Pearce 1995) the bars are standard error for 13 measurements at the
same spot over two years. The CO2 concentrations are similar to those of CH4, but the solubility coefficient
of CO2 is 25 times that of CH4 so the concentration of CO2 in the bubble is negligible (see text). At the
Glacial Lake Agassiz Peatland (G.L.A.P.) (Romanowicz et al. 1995) the two sets of data are for 1990 (a
drought year when the water table fell to 100 cm deep) and 1991 (a ‘normal’ year). The bars are standard
error for 17 and 10 cores respectively at different locations. The third site (unfilled triangles) is Cedar Creek,
Minnesota (Williams & Crawford 1984).
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1998). The efflux of CH4 depends exponentially on
temperature (Daulat & Clymo 1998; MacDonald et
al. 1998), mainly through its effect on CH4
production, modified by re-oxidation especially in
hummocks. In the North American sites considered
above the mean monthly temperature in summer
reaches 20 °C and the winter minimum is -5 to -10 °C.
In the British sites the corresponding values are only
12 and +5 °C. On some days in summer the
temperature must be greater than the mean, and the
exponential relation with CH4 production means that
an hour spent above the mean more than compensates
for an hour below it. Figure 7 shows the result of
combining temperature fluctuations in north
Minnesota and south-west Scotland at various depths
with production rates. The calculation assumes a sine
function variation in daily and yearly temperature
(Walter et al. 1975) and separates the calculation for
π/4 to 3π/4 (‘Summer’), 3π/4 to 5π/4 and 7π/4 to 9π/4
(‘Autumn+Spring’), and 5π/4 to 7π/4 (‘Winter’). The

sine wave of heat propagates downward with a delay
z/Da radians, where z is depth and Da is annual
damping depth - about 125 cm in peat (Monteith
1973; Daulat & Clymo 1998). The summer peak
arrives at about 8 m depth in-phase but delayed by a
year; at 4 m it arrives exactly out of phase about
February. These delays are ignored in Figure 6 and
the text, so ‘Summer’ refers to the summer peak
whenever it arrives. A more important effect is that
the temperature wave is damped, so that at one
damping depth its amplitude is only 37 % of that at
the surface, and only 14 % at two damping depths about 250 cm at the Ellergower site (SW Scotland).
The mean temperature in south-west Scotland is
about 2 °C higher than that in Minnesota, as is the
detailed temperature for much of the year. But
Summer in Minnesota is much hotter than Scotland.
It may be that this three-month excess over values in
Spring and Autumn produces a ‘surge’ of CH4 that is
sufficient to exceed the bubble limit. Romanowicz

Figure 7. Left: relative CH4-producing potential, X, at various depths for three seasons (Winter,
Spring/Autumn and Summer) for Ellergower Moss, Scotland and Glacial Lake Agassiz peatland, Minnesota.
Temperature, T, is calculated using a yearly damping depth of 125 cm and X = exp (0.1 T) - 1.0 for T > 0,
0.0 otherwise (Daulat & Clymo 1998). Phase shift, the lag in peak temperature, is ignored. Right: excess
(Summer - Spring/Autumn) relative CH4-producing potential for the two localities.
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et al. (1995) write that “... during the fall of 1992,
extensive gas bubbling was observed ... suggesting
the build-up of CH4 may occur each year, peaking in
the summer or early fall”. It would be of interest to
have measurements of CH4 concentration and bubble
abundance in the winter. One of the features of the
Ellergower measurements (Figure 7) is that there is
little variation in concentration throughout the year less than the variation at a single time at different
sites in Minnesota. Consistent with this explanation
is Charman’s finding that a Dinel-pattern vacuum
sampler could not extract gas from a Dartmoor bog
in April, but was able to in October.
What are the connections between bubbles and
hydraulic conductivity?
Bubbles and hydraulic conductivity affect each other.
First, the hydraulic conductivity in the Minnesota
peatlands is at least two orders of magnitude greater
than it is at Ellergower in Scotland (Chason & Siegel
1986; Clymo 2004) and this must make the
movement of bubbles much easier in Minnesota.
Second, bubbles reduce hydraulic conductivity in
peat. Laboratory experiments on shallow peats show
this (Beckwith & Baird 2001; Baird & Waldron
2003), as do field measurements in shallow peat
(Kettridge et al. 2013). One would expect the same
physics to apply in deep peat.
The effect of gas bubbles on hydraulic
conductivity may contribute to peat accumulation,
but the occasional suggestion that it is the main cause
of peat accumulation seems wide of the mark. For
example, it cannot explain the peat at Ellergower
Moss and other sites described in this article because
they contain so few bubbles.
The whole subject of hydraulic conductivity of
peat
needs
reconsideration
following
the
demonstration (Pollack 2013) that a highly ordered
fourth phase of water (extra to vapour, liquid, and
solid) invests hydrophilic surfaces to a depth of about
0.5 mm, and has profoundly different properties to
liquid water in bulk.
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Appendix

Gases in bubbles
Consider sparingly soluble gases dissolved in, but not
reacting chemically, with water. Gases such as CO2
and H2S are both able to react with water, but in the
acid conditions in most peatlands both are present
almost entirely in the molecular form.
Suppose that k such sparingly soluble gases are
dissolved in water and in equilibrium with a bubble.
What are the inter-relations among concentration C,
pressure P, and bubble radius r? Let V = volume,
m = molar mass, T = absolute temperature; and let
subscript a = air, b = bubble, and w = water.
Inward pressure, tending to collapse the bubble,
comes from the air pressure at the air/water interface,
from the weight of water (proportional to depth), and
from the interfacial tension between water and
bubble gas:
𝑃𝑃𝑏𝑏 = 𝑃𝑃𝑎𝑎 + 𝜌𝜌𝑤𝑤 𝑔𝑔𝑔𝑔 + 2𝛾𝛾⁄𝑟𝑟

where ρw is the average density of the water, g is the
local gravitational acceleration, and γ is the
interfacial tension between gas and water
Outward pressure is created by gases in the
bubble. Because the solubility of a gas in a liquid is a
partition coefficient, there must be some upper limit
to how much gas can be got to dissolve at high
pressures but these are a long way beyond the sort of
regimes that interest us here. The temperaturedependent Henry’s law gas solubility coefficient si of
gas i is

Model 1
In a stable bubble inward pressure balances outward
so we have
𝑃𝑃𝑎𝑎 + 𝜌𝜌𝑤𝑤 𝑔𝑔𝑔𝑔 +

2𝛾𝛾
𝑟𝑟

𝑘𝑘

= 𝑃𝑃ℎ + 𝑅𝑅𝑇𝑇𝑏𝑏 �
𝑖𝑖 =1

𝐶𝐶𝑖𝑖,𝑤𝑤
𝑠𝑠𝑖𝑖

[6]

where Ph is the vapour pressure of water at T, and Ci,w
is the concentration of gas i dissolved in water after
equilibrium has been reached.
Model 2
Now consider the case where we start with a known
volume of water, Vw, containing dissolved gases
(State 0) and N bubbles develop, removing gas as
necessary from the water to satisfy the solubility
partition between water and bubble gas.
Replacing C by M/V and using mass conservation
gives
mi,b = Ci,w,0 Vw Vb / (si Vw + Vb).
Substitute in the general relation
PbVb = mbRTb
as before, and use
Vb = 4Nπr3/3
to give the partial pressure of gas i:

si = Ci,w / Ci,b.
Pi,b = RTb Ci,w,0 Vw / (si Vw + 4Nπr3 / 3).
By using
Cb = mb / Vb and PbVb = mbRTb
(where R is the universal gas constant,
8.314 J K-1 mol-1) we arrive at the partial pressure of
gas i in the bubble:
Pi,b = RTCi,w / si.

Equating outward and
eliminating Pb gives

inward

pressures

and

𝑘𝑘

2𝛾𝛾
𝐶𝐶𝑖𝑖.𝑤𝑤.0
𝑃𝑃𝑎𝑎 + 𝜌𝜌𝑤𝑤 𝑔𝑔𝑔𝑔 +
= 𝑃𝑃ℎ + 𝑅𝑅𝑅𝑅𝑉𝑉𝑤𝑤 �
[7]
𝑟𝑟
𝑠𝑠𝑖𝑖 𝑉𝑉𝑤𝑤 + 4𝑁𝑁𝑁𝑁𝑟𝑟 3 ⁄3
𝑖𝑖=1

and this can be solved numerically (‘zero of a
function’) for r.
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